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Reminder

A group G'is a set with binary operation s.t.
0)VY g /4e G, g /e G(closure)

1) g (hk) = (gh)kN g A, ke G (associativity)
2)deeG st.gre=eg=gV ge G (identity)
3)YVegeGAheGst h-g= g /= e(inverse)

Groups with maps (homomorphisms)
A subgroup Z G'is normal if V ge &

gtg ' =H
gbg_1 =h e
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Homomorphisms from G «<» normal subgroups of G [First [Isomorphism Theorem for Groups]

§1 Factor groups and isomorphism theorems
G a group. /<< G'[[nb < denotes normal subgroup < denotes any subgroup]]

G
Factor set v = {eN, glN, gzN,...} = {/Ve, /Vgl, /ng,...}

Theorem 1.1

G . . .
v with operation (Ngl ) (Ngz ) = Ng,&, 1s a group

Proof (correctness)

If Mg, = Ng, and Vg, = Ng, then (Vg ) (Vg ) =
Ng\ &) = Nng\mgy = Ngymg, = Nnyg g, = Ng &, [n, 1y, ny € N, g1y = nag)]

(axioms)
Closure - clear by def.

Assoc ((Ngl)(/\/gz))/\/g3 = (Nglgz)/\/g3 ZN(glgz)g3
(Y%1) ((18:) (83)) = (V81) (V283) = V81 (42%3)

Identity V-e

Inverse (MNg) =y

Definition

G
Amap0: G— a g— Ngis called canonical homomorphism.

Theorem 1.2

G
0 is a group homomorphism, its image is V and Ker(0) =N

Proof

1)0(818,)=Ne\8,= Vg1 Ve, =0(£,)0(8) V&8 ¢€C

So 6 is a homomorphism

G G
2) Every coset in v has form Vg for some g, so J= —
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3)Ker(0) = {geG:gN=N}= {geG:anl_lnze/V}Z/V

First Isomorphism Theorem

Let 6 : G— /7/be a homomorphism.
Then

(a) 3(8) #7

(b) Ker(0) < G

© —2— =3(0)
Ker(0)

Proof
a) Let /2, = G(gl.) for some g. € &

Iy hy=0(8,),0(£)=0(&" ) €3(6)

associativity. follows from assoc. in /7
o(%)
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